Abstract. Even in spaces of formal power series is required a topology in order to legitimate some operations, in particular to compute infinite summations. Many topologies can be exploited for different purposes. Combinatorists and algebraists may think to usual order topologies, or the product topology induced by a discrete coefficient field, or some inverse limit topologies. Analysists will take into account the valued field structure of real or complex numbers. As the main result of this paper we prove that the topological dual spaces of formal power series, relative to the class of product topologies with respect to Hausdorff field topologies on the coefficient field, are all the same, namely the space of polynomials. As a consequence, this kind of rigidity forces linear maps, continuous for any (and then for all) of those topologies, to be defined by very particular infinite matrices similar to row-finite matrices.
Introduction
Manipulation of formal power series requires some topological notions in order to legitimate some computations. For instance, the usual substitution of a power series in one variable without constant term into an other, or the existence of the star operation, related to Möbius inversion, are usually treated using either an order function (a valuation) or, equivalently (while more imprecise), saying that only finitely many terms contribute to the calculation in each degree. In both cases is used (explicitly or not) a topology given by a filtration (and more precisely a kind of Krull topology): the order of some partial sums must increase indefinitely for the sum to be defined (and the operation to be legal). Quite naturally other topologies may subm. to DMTCS c by the authors Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France be used: for instance if X is an infinite set, then the completion of the algebra R X of polynomials in noncommutative variables (where R is a commutative ring with a unit) with respect to the usual filtration (related to the length of a word in the free monoid X * ) is the set of all series with only finitely many non-zero terms for each given length. The sum of the alphabet does not even exist in this completion. In order to take such series into account we must used the product topology (with a discrete R). If some analytical investigations must be performed (such as convergence ray, differential equation, or functional analysis), the discrete topology of K ∈ {R, C} is no more sufficient; the valued field structure of K turns to be unavoidable. Other topologies may be used for particular needs.
Given a topology, compatible in a certain sense with algebraic operations, on a space of formal power series with coefficients in a topological field, it can be useful to consider continuous endomorphisms since they commute to infinite sums. Quite amazingly for a very large class of possible topologies (namely product topologies with respect to separated topologies on the base field) it appears that these continuous linear maps may be seen as infinite matrices of a particular kind (each " row " is finitely supported) and that, independently of the topology chosen in the class. In other terms, a linear map can be represented as some " row-finite " matrix if, and only if, it is continuous for all the topologies in the given class (see Section 5). Thus, in order to prove an endomorphism to be continuous for some topology, it suffices to prove this property for the more convenient topology in the class. Similarly, if an endomorphism is given in the form of an infinite matrix (with finitely supported " rows "), then it is known to be continuous for every topology in our large collection, and therefore is able to get through infinite sums. At this stage we notice that the class of topologies is that of product topologies relative to every Hausdorff topologies on the coefficient field (an infinite field has the cardinal number of the power set of its power set of distinct field topologies, see Remark 1) .
The explanation of this phenomenon relies on the fact that the topological dual of a given space of formal series is the same for all the topologies in the big class: the space of polynomials. This result, presented in Section 3 and proved in Section 4, is our main theorem (Theorem 5), and we present some of its direct consequences (in particular it explains the " rigidity " of the space of continuous endomorphisms with respect to a change of topology in Section 5).
In this paper we focus on the linear structure of formal series so that we consider any set X rather than a free monoid X * , and functions rather than formal series.
Some notations
Let R be a commutative ring (i) with a unit 1 R . If M and N are two R-modules, then Hom R (M, N ) is the set of all R-linear maps from M to N . In particular, the algebraic dual M * of M is the R-module Hom R (M, R). If X is a set, then R (X) is the R-module of all finitely supported maps from X to R, that is, f ∈ R (X) if, and only if, the support supp(f ) = {x ∈ X : f (x) = 0} of f is a finite set. For every x 0 ∈ X, we define the characteristic function (or Dirac mass)
(i) In the remainder, the term " ring " with no exception refers to " commutative ring with a unit ".
Let us introduce the usual evaluation map
As usually it is treated as a R-bilinear map ·, · , called dual pairing (or canonical bilinear form, see ?
In particular, for every x ∈ X, ev(δ x ⊗ f ) = δ x , f = f (x), and then
The dual pairing has the obvious properties of non-degeneracy:
Let E be a set, and F be a collection of maps φ : E → E φ , where each E φ is a topological space. The initial topology induced by F on E is the coarsest topology that makes continuous each φ. This topology is Hausdorff if, and only if, F separates the elements of E (i.e., for every x = y in E, there exists some φ ∈ F such that φ(x) = φ(y)), and E φ is separated for each φ ∈ F . Now, if E = F X , where X is a set, and F is a topological space, then the product topology (or topology of simple convergence or function topology) on F X is the initial topology induced by the canonical projections . Let R be a ring. It is said to be a topological ring when it is equipped with a topology τ (not necessarily Hausdorff) for which ring operations, x → −x, (x, y) → x + y, (x, y) → xy, are continuous when is considered on R × R the product topology defined by τ on each factors. A field K which is also a topological ring is said to be a topological field when the map x → x −1 is continuous on K * = K \ {0} (equipped with the subspace topology).
If R (resp. K) is a topological ring (resp. topological field), any R-module M (resp. K-vector space) is said to be a topological R-module (resp. a topological K-vector space) if it is equipped with a topology (Hausdorff or not) that makes continuous the module maps x → −x, (x, y) → x + y, (λ, x) → λx. Notice that if R (resp. K) is a topological ring (resp. topological field), and X is any set, then R X (resp. K X ) is a topological R-module (resp. topological K-vector space) -in the obvious way -when endowed with the product topology.
Let R be a topological ring, and M be a topological R-module. Then M ′ denotes the topological dual of M , that is, the sub-module of M * of continuous linear forms (ii) .
Summability. Many intermediary results of this papers require the notion, and some properties, of a summable family in a topological ring (which is actually hidden but fundamental for the treatment of formal power series). We recall them without any proof; we freely used them in the sequel, and refer to ? for further information concerning this concept but also topological rings, fields and modules.
(ii) Quite obviously, M * is the topological dual of M , when R and M both have the discrete topology. 
The sum s of a summable family (x i ) i∈I of elements of G is usually denoted by 
The statement
The objective of this paper is to prove the following result, and to observe some its consequences.
Theorem 5 Let K be an Hausdorff topological field (it might be non-discrete!), and X be any set. Then, the topological dual (K X ) ′ of K X , under the product topology, is isomorphic (as a K-vector space) to
In order to illustrate the scope of this result, let us assume for an instant that K is a discrete field, and that V is an Hausdorff topological K-vector space. The topology on V is said to be linear if, and only if, it has a neighborhood basis of zero consisting of vector subspaces open in the topology. A topological vector space with the above equivalent properties is called linearly compact. This kind of spaces is not so important for this paper, but we obtain a characterization of their topological duals as a minor consequence of our main result: we get that the topological dual of any linearly compact vector space is isomorphic to some K (X) . We can also deduce an immediate corollary that is a partial reciprocal of our main result. Proof: If K is Hausdorff, then according to Theorem 5 (K X ) ′ is isomorphic to K (X) . Now, let R be an indiscrete topological ring. Then, with respect to the trivial topology on R, (R X ) ′ = (R X ) * . Because X is infinite, the field K cannot be indiscrete. But ring topologies on a field (and in particular field topologies) may be either Hausdorff or the indiscrete one (see ?). 2
Corollary 1 Let

The proof of Theorem 5
Lemma 7 Let R be a commutative ring with unit, and X be a set. Let us define
Then, for every p ∈ R (X) , Φ(p) ∈ (R X ) * , Φ is R-linear and one-to-one.
Proof:
The first and second properties are obvious. Let p ∈ R (X) such that Φ(p) = 0, then for every f ∈ R X , Φ(p)(f ) = 0, and in particular, for every x ∈ X, 0 = Φ(p)(δ x ) = p, δ x = p(x), in such a way that p = 0.
2
Lemma 8 Assume that R is a topological ring (Hausdorff or not) and that R X has the product topology. Then for every
Proof: It is clear since Φ(p) is a finite sum of (scalar multiples) of projections. 2
Lemma 9
Let us suppose that R is an Hausdorff topological ring, X is a set, and that R X has the product topology. For every f ∈ R X , the family (f (x)δ x ) x∈X is summable with sum f .
Proof:
It is sufficient to prove that for every x 0 ∈ X the family
is summable in R with sum δ x0 , f = f (x 0 ) which is immediate. 2
Lemma 10 Under the same assumptions as Lemma 9, if
Proof: Since ℓ is continuous (and linear), and (f (x)δ x ) x∈X is summable with sum f , then (f (x)ℓ(δ x )) x∈X is summable in R with sum ℓ(f ) for every f ∈ R X . Let us define
Then, (f (x)ℓ(δ x )) x∈X is summable with sum ℓ(f ) in R. According to properties of summability, for every neighborhood U of 0 R in R, f (x)ℓ(δ x ) ∈ U for all but finitely many x ∈ X. Since R is assumed Hausdorff, there is some neighborhood
Lemma 11 Let K be an Hausdorff topological field, X be a set, and assume that K X is equipped with the product topology.
Proof: According to Lemma 10, the set {x ∈ X : ℓ(δ x ) is invertible in K} = {x ∈ X : ℓ(δ x ) = 0} is finite. 2
Lemma 12
Under the same assumptions as Lemma 11, Φ is onto.
A priori p ℓ ∈ K X . But according to Lemma 11, actually p ℓ ∈ K (X) . Let f ∈ K X . We have
Now it is easy to conclude the proof of Theorem 5 since it follows directly from Lemmas 7 and 12. f i e i , with f i ∈ K for each i ∈ I. Let us consider the map ℓ :
The family (δ x ) x∈X is linearly independent in K X . Thus we may consider the algebraic basis of K X that extends (δ x ) x∈X . Now, the corresponding functional ℓ has a nonzero value for each δ x . Therefore, if X is infinite, then ℓ does not belong to the image of Φ, or, in other terms, ℓ ∈ (K X ) ′ . In particular, whenever K is an Hausdorff topological field, K X has the product topology, and X is infinite, then ℓ is discontinuous at zero (and thus on the whole K X ).
A field topology may be either Hausdorff or the indiscrete one. Its seems to remain too little choice.
Actually it is known (see ??) that every infinite field K has 2 2 |K| non-homeomorphic topologies (where |X| denotes the cardinal number of a set X).
3. Let R be a discrete ring, and X be a set. Let X * be the free monoid on the alphabet X, ǫ be the empty word, and |ω| be the length of a word ω ∈ X * . Let us define M ≥n = {f ∈ R X : ν(f ) ≥ n}, n ∈ N, where ν(f ) = inf{n ∈ N : ∃ω ∈ X * , |ω| = n, and f (ω) = 0} for every non-zero f ∈ R X (the infimum being taken on N ∪ {∞}, with ∞ > n for every n ∈ N, then ν(0) = ∞). The set R X , seen as the R-algebra R X of formal power series in noncommutative variables, may be topologized (as a topological R-algebra -see ? -and, therefore, as a topological R-module) by the decreasing filtration of ideals M ≥n : this is an example of the so-called Krull topology (see ?), and it is the usual topology considered for formal power series in combinatorics and algebra; in case X is reduced to an element x, we recover the usual M-adic topology of K [[x] ], where M = x is the principal ideal generated by x. Whenever X is finite, this Krull topology coincides (iii) with the product topology with a discrete R. According to Theorem 5, in case where X is finite and R is a topological field K, the topological dual of K X (which is also a linearly compact space) is the space of polynomials K X in noncommutative variables. 
Take any monoid with a zero (see
R 0 [[M ]] ∼ = R M * (as R-algebras), with M * = M \ {0 M }. Now,
Consequence on continuous endomorphisms
As explained in the Introduction, the rigidity of the dual space with respect to the change of product topologies forces continuous linear maps (with respect to any of those topologies) to be represented by " row-finite " matrices.
Let K be an Hausdorff topological field, and X, Y be two sets. We suppose that K Z has the product topology for Z ∈ {X, Y }. The set of all linear maps (resp. continuous linear maps) from K X to K Y is (iii) Notice that if X is infinite both topologies are distinct: for instance, let (xn) n≥0 be a sequence of distinct elements of X, then this family is easily seen summable in the product topology with R discrete, while it does not converge in the Krull topology.
denoted by
We denote by K Y ×(X) the set of all maps M : Y ×X → K such that for each y ∈ Y , the set {x ∈ X : M (y, x) = 0} is finite. Recall that if p ∈ K (X) , then its support is given by supp(p) = {x ∈ X : p(x) = 0} .
Let φ ∈ L(K X , K Y ). We define the following map:
, and the map φ → M φ is into.
Proof:
For every x ∈ X, the map K
is an element of (K X ) ′ (because it is the composition of φ and the projection onto Kδ y ). According to Theorem 5, there is one and only one p φ,y ∈ K (X) such that for every f ∈ K X , p φ,y , f = δ y , φ(f ) . In particular, for every x ∈ X,
Therefore {x ∈ X | δ y , φ(δ x ) = 0} = supp(p φ,y ), and then M φ ∈ K Y ×(X) . Suppose that M φ = M φ ′ , then for every (y, x) ∈ Y × X, δ y , φ(δ x ) = δ y , φ ′ (δ x ) . Then, by bilinearity, φ(δ x )(y) − φ ′ (δ x )(y) = δ y , φ(δ x ) − φ ′ (δ x ) = 0. Since this last equality holds for every y ∈ Y , φ(δ x ) = φ ′ (δ x ) for every x ∈ X. Now, let f ∈ K X , since f = (Clearly the second sum on x ∈ X has only finitely many non zero terms since M ∈ K Y ×(X) , and therefore is defined in K.) The map ψ M is linear. To see this, since ψ M (f ) ∈ K X , it is sufficient to prove
Weak topology
Let K be a topological field, (V, τ ) be a topological K-vector space, and V ′ be its topological dual. We call V ′ -weak topology the weakest topology on V such that the elements of V ′ are continuous. Let us denote by τ w this topology. Since the elements of V ′ are continuous (for τ ), we have τ w ⊆ τ . It can be shown that (V, τ w ) is also a K-topological vector space, separated if K is so and V ′ separates the elements of V . The topological dual V ′ w of (V, τ w ) is called weak dual of V . Corollary 2 Let (K, τ ) be an Hausdorff topological field, X be a set, and K X endowed with the product topology, denoted by π(X, τ ), of |X| copies of (K, τ ). The weak dual (K X ) ′ w of (K X , τ w ) is (isomorphic to) K (X) .
